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This study2 illustrates an approach to task design that aims at 
revealing and enhancing students’ understandings of a particular 
mathematical topic: the roles of examples in proving and refuting 
mathematical statements. As a preliminary stage we conducted a content 
analysis that led to the construction of a comprehensive mathematical 
framework that describes the various aspects of understanding this topic. 
Based on this framework, we constructed six prototypes of tasks that 
complement each other in assessing and enhancing students' 
understanding of the logical connections between examples and 
statements. In this paper we describe the design principles that guided the 
construction of the collection of tasks that can be considered a special 
kind of tool and provide illustrations of how this tool was used.   

Keywords: task design, examples, reasoning and proof 

Introduction and Background  

With the current curricular emphasis on students’ engagement in 
mathematical investigations and proving, it becomes increasingly important that 
students develop the understanding of the logical connections between empirical and 
formal aspects of mathematics. Such understanding manifests itself in understanding 
of the roles of examples proving and refuting conjectures. Despite the fact that several 
studies indicate that students encounter difficulties in this area (Fishbein, 1987, 
Antonini et al., 2011, Bills & Watson, 2008), such connections are not explicitly 
addressed in the school curriculum and are left to students to develop indirectly 
mostly on their own. Moreover, there is only scarce work in conceptualizing what 
constitutes an understanding of the roles of examples in proving (e.g., Zaslavsky & 
Ron, 1998,   Barkai et.al., 2008, Buchbinder & Zaslavsky, 2009, Tabach et. al., 2010). 

The goal of our study was to develop a tool that could be used both to assess 
students’ overall understanding of the above topic and to enhance these 
understandings. Moreover, we were looking for a tool that would help capture the 

                                                 
 
2 This study was conducted at the Technion – Israel Institute of Technology with support of 

Israeli Ministry of Education.  
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nature of this understanding. The first question we posed was: What does it mean to 
understand the roles of examples in determining the validity of mathematical 
statements? 

In order to answer this question, we developed a general framework3 that 
describes four types of examples (confirming, non-confirming, contradicting, and 
irrelevant) and their status in proving or refuting the two types of mathematical 
statements (universal and existential). We describe the framework in the next section.  

The framework 

Every mathematical statement can be characterised by the domain (D) of 
objects (x) to which it refers to and a proposition (P(x)) that specifies some property. 
A Universal statement states that a proposition is true for all the objects in the 
domain: . An Existential statement asserts that there exists an object in 
the domain for which the proposition is true: . For example, if the domain 
D is ‘all integers for which the sum of their digits is divisible by 6’ and the proposition 
P is ‘multiple of 6’, we can formulate two types of statements: 1. A Universal 
statement, "All integers, for which the sum of their digits is divisible by 6 are 
multiples of 6"; and 2. An Existential statement, "There exists an integer for which 
the sum of its digits is divisible by 6 that is a multiple of 6".  

With respect to a given domain D and a property P, four types of examples 
can be defined, depending on whether (a) the object x is an element of D or not (

or ), and (b) the proposition P(x) is true for it or not ( or ). The 
logical status of these examples depends on the type of statement (Figure 1).  

The first type of object x, which we term a confirming example, is an element 
of D for which the proposition P(x) is true ( ). In the above case, 24 is a 
confirming example. While 24 is insufficient for proving the universal statement, it 
proves the corresponding existential statement. The second type of object, which is 
termed a counterexample, is an element of D that does not satisfy the proposition P(x) 
( ). For example, 33 is a counterexample, thus, it contradicts the false 
universal statement; we refer to such an example as a contradicting example (of the 
universal statement). However, with respect to the corresponding existential statement 
33 is insufficient for refuting it. It neither contradicts nor confirms it; thus we term 
such an example a non-confirming example (of the existential statement). All of the 
above types of examples are relevant for examining the validity of a given statement. 
The other two types of examples are objects that do not belong to the domain D:  

 and . From a logical stand both types are equally irrelevant 
for determining the validity of either type of statement. However, example of type 

 (e.g., 36) is potentially misleading. 
  

                                                 
 
3 For a detailed description and discussion of the framework see Buchbinder & Zaslavsky, 

2009. 
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Type of  Statement 
Universal statement 

 
Existential Statement 

 

Goal  

Type of  Example  

To prove To disprove To prove To disprove 

Confirming   Insufficient 
Non 

applicable 
Sufficient 

Non 
applicable 

Contradicting  (the universal statement) 
Non-confirming (the existential 

statement)  

Non 
applicable 

Sufficient 
Non 

applicable 
Insufficient 

Irrelevant        Non 
applicable 

Non 
applicable 

Non 
applicable 

Non 
applicable 

Irrelevant     Non 
applicable 

Non 
applicable 

Non 
applicable 

Non 
applicable 

Figure 1: A framework for examining the logical status of examples in determining the 
validity of mathematical statements 

We take "understanding of the logical status of examples in determining the 
validity of mathematical statements" as becoming fluent with the types of inferences 
that can and cannot be made based on the four types of examples with respect to the 
two types of statements. We consider the following four types of cognitive activities 
as eliciting evidence of such understanding: construction of examples (spontaneously 
or on demand); recognition of and differentiation between types of statements and 
types of examples (without necessarily using our terms); making logical inferences 
based on examples, and correctly justifying then. Such operational approach to 
conceptualizing understanding is consistent with Borgen & Manu (2002), Schoenfeld 
(1989) and Zaslavsky (1997) and sets the grounds for task design.       

The design principles behind the collection of tasks 

Based on our framework, we constructed 6 prototypes of tasks, each of 
which addresses a particular aspect of understanding. The set of tasks as a whole 
covers all the aspects of the framework and proved effective as a diagnostic and 
facilitating tool for 10th grade students in Israel.  

The overarching design principle was to create a balanced representation of 
all of the following variables: 1. Type of statement (universal or existential); 2. Type 
of example (confirming, contradicting, non-confirming, and [two kinds of] 
irrelevant); 3. The truth-value of the statement (true/false); 4. The content (secondary 
level algebra or geometry, all of which students are supposed to be sufficiently 
knowledgeable); 5. Number of relevant examples that exist for each statement (e.g., 
no example, a single example or a finite number, an infinite number of examples of a 
particular type). 

From a mathematical point of view, the specific number of examples that 
exist for each statement is irrelevant4. A single contradicting example is sufficient for 
refuting a statement, even if there exist an infinite number of confirming examples. 
However, the number of examples may affect students' inferences, their perseverance 
in evaluating the truth-value of the statement, and the methods they use.  

                                                 
 
4 If a domain of a universal statement has a finite number of elements, it is possible to prove 

that the statement is true by showing that the proposition holds for each one of them. However, 
showing that the domain is indeed finite is an imperative part of the proof.  
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Thus, the collection of tasks included statements for which all existing 
examples are supporting ones, statements that have both supporting and contradicting 
(or non-confirming examples), and statements which have only contradicting or non-
confirming examples. The rationale for such design was to create a rich scope of 
situations for examining students' understanding of the roles of examples in proving.  

While we wanted to ensure that students have the necessary knowledge to 
approach the tasks, we also wanted to confront the students with statements that were 
unfamiliar to them of which truth-values would not be immediately evident. Such 
statements have the potential to evoke uncertainty and doubt, which are widely 
recognized as powerful diagnostic tools as well as vehicles for creating situations in 
which the need to prove arises intrinsically (e.g. Zaslavsky, 2005; Buchbinder & 
Zaslavsky, 2011; Hadas, Hershkowitz & Schwarz, 2000). We expected that the 
uncertainty evoked by the tasks would trigger students' discussion and attempts to 
convince each other through argumentation, which would allow for various aspects of 
their understanding to be revealed.  

The design of our tool (i.e., the collection of tasks) was inspired to some 
extent by Harel's (2007) DNR principles for learning environments. In particular, the 
necessity principle that emphasizes the importance of evoking students' intellectual 
need to prove; and the repeated reasoning principle that states that students need to 
practice reasoning in various settings. Thus, the design of our tool aimed at providing 
multiple opportunities for students to practice reasoning, to reflect on their knowledge 
of the logical connections between examples and proving, and to enhance their 
understanding of these connections through resolving uncertainty.  

The collection of tasks 

The collection includes 6 types of tasks: (1) What kind of example is this? 
(2) True or false? (3) Always, sometimes, or never? (4) Who is right? (5) Is this a 
coincidence? (6) Does it exist? For space constraints we cannot go into equal length 
of detail for each task.  

Task 1:What kind of example is this? 

This task has two parts, each involving different statements: a false universal 
or a true existential. Each statement was accompanied by 7 examples of various types. 
For each part, the students were asked to determine the types of the 7 examples; to 
construct two additional examples (one confirming and one non-confirming); to 
decide whether the statement is true or false and to justify the decision.  

Figure 2 shows one of the false universal statements and the analysis of the 
examples used for the task.  

This type of task was the only one that explicitly calls for examining 
irrelevant examples and determining their logical status, and that explicitly requires 
construction of examples that satisfy a given criteria. Note, that the students did not 
receive any explanation of the framework including its vocabulary prior to engaging 
in the task. 
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The Given Statement: The product of any two numbers a and b, for which the 
sum is positive, is also positive. 

Design-Analysis of 
the examples  

 
is a confirming / contradicting / irrelevant example of the 

statement? 
  

confirming 

 
is a confirming / contradicting / irrelevant example of the 

statement? 
 

contradicting 

 
is a confirming / contradicting / irrelevant example of the 

statement? 
  

irrelevant 

 
is a confirming / contradicting / irrelevant example of the 

statement? 
 

irrelevant 

 

is a confirming / contradicting / irrelevant example of the 
statement? 

 

contradicting 

 

is a confirming / contradicting / irrelevant example of the 
statement? 

  

confirming 

 

is a confirming / contradicting / irrelevant example of the 
statement? 

  

irrelevant 

Figure 2: Examples and design-analysis of the categorization part of Task 1 for the given statement 

Task 2: True or False? 

Tasks of this structure are rather common. We adapted this familiar model to 
fit our mathematical framework. In this task a set of 6 statements were given: 3 
universal and 3 existential. Within each type of statement, we included one statement 
for which all relevant examples are confirming, one statement which has both 
confirming and non-confirming examples, and one statement for which all relevant 
examples are contradicting or non-confirming.  

Figure 3 presents the structure of the algebraic version of this task. Note that 
constructing a case for each row is a non-trivial task for the designer.  

This task addresses most of the aspects of understanding of the roles of 
examples with respect to the framework. In order to solve the task correctly, students 
need to distinguish between the different types of statements and the corresponding 
types of examples; they also need to construct counterexamples to disprove false 
universal statements (1 & 3), and confirming examples to prove true existential 
statements (4 & 5). The task calls for demonstrating the understanding that examples 
could be insufficient to prove or refute statements (2 & 6), and that in such cases a 
general logical argument is required. Students may arrive at this conclusion either by 
constructing and checking examples or by applying algebraic procedures.  
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The Statement 
Type of 

statement: 
U / E 

Truth 
value: 
T / F 

Possible types of 
examples for the 

statement 
Type of 

justification 
required 

O
n

ly co
n

firm
in

g 

C
o

n
firm

in
g

 an
d

 
n

o
n

-co
n

firm
in

g
 /  

co
n

trad
ictin

g 

O
n

ly n
o

n-
co

n
firm

ing
 / 

co
n

trad
ictin

g 
Every three numbers a, b, c satisfy the 

equation: . U F  �  
Refutation by 
contradicting 

example 

The (positive) difference between the 
squares of two consecutive natural 

numbers is equal to their sum. 
U T �   General proof 

Every two numbers n, m satisfy the 

equation:  
.
 U F   � 

Refutation by 
contradicting 

example 

There exist four numbers a, b, c, d that 

satisfy: . E T  �  
Proof by a 
confirming 
example 

There exists a number  that 
satisfies the equation: 

 
E T �   

Proof by a 
confirming 
example 

There exist three distinct positive 
integers  a, b, c  that satisfy: 

. 
E F   � 

General 
refutation 

Figure 3: Design structure of the algebraic version of Task 2 
Note: E stands for Existential, U for Universal, T for True, and F for False 

Task 3: Always, Sometimes, Never 

This task is related to the "True or False?" task, with a shift of focus. Given 
the propositions from the statements in Task 2, students are required to determine 
whether the proposition is always, sometimes or never true (Figure 4). From a logical 
point of view, a statement involving quantifiers is either true or false. Thus, a 
universal statement cannot be "sometimes" true, even if both confirming and 
contradicting examples exist. However, a proposition P(x) can be true for some values 
of x and false for others. For example the proposition "x is greater than 5" is true for 
x=3, but false for x=13. Thus, a proposition P(x) can be always, sometimes, or never 
true (Rosen, 2003).  

Figure 4 presents one of the items that were included in Task 3. It is a 
different take on item 1 that appears in Figure 3. 

 
Choose the correct answer and explain your reasoning.  
[Note that the letters a, b, c represent numbers].  

Is the equation:  always / sometimes / never true? 

Figure 4: An example of Task 3 
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Task 4: Who is right?  

This task has two parts involving one false universal and one true existential 
statement. Each statement is followed by utterances of five hypothetical students 
stating their opinion on the truth-value of the statement. The task requires, for each 
utterance, to determine whether it is correct or not and to justify the decision.  

Figure 5 presents the design structure of the Task 4.  
 

Hypothetical 
student 

Given: A False Universal 
Statement. 

Given: A True Existential 
Statement. 

Correctness 

Student A Uses multiple confirming 
examples to “prove” the 
statement. 

Uses multiple non-confirming 
examples to "refute" the statement. × 

Student B Refutes the statement using a 
counterexample. 

Proves the statement using a 
confirming example. 

� 

Student C Requires multiple 
counterexamples. 

Requires multiple confirming 
examples. 

× 

Student D Maintains that the statement is 
false but does not accept 
counterexamples as sufficient. 
Requires a general argument. 

Maintains that the statement is true 
but does not accept confirming 
examples as sufficient. Requires a 
general argument. 

× 

Student E Maintains that it is impossible to 
determine whether the statement 
is true or false since there are 
both confirming and 
contradicting examples. 

Maintains that it is impossible to 
determine whether the statement is 
true or false since there are both 
confirming and contradicting 
examples. 

× 

Figure 5: Design structure of Task 4 

Task 5: Is this a coincidence?  

This task presents a hypothetical student's actions and his/her observation 
based on a single example. The question "is this a coincidence?" invites the students 
to evaluate the generality of the observed phenomenon in order to determine whether 
it holds for every relevant case or just for some specific cases, one of which the 
student examined. Successful completion of the task involves either proving that the 
described phenomenon is a general one or constructing a counterexample.  

 

A student chose two fractions: and . He generated another fraction by adding 

the two nominators and the two denominators in the following way: 

. The student observed that the resulting fraction  is between 

the two original ones: .        Is this a coincidence?  

Figure 6: An algebraic example of Task 5 

Note, that there is no explicit requirement in the task to prove any claim. The 
intention was to draw students' attention to the extent of generality of the 
phenomenon, and to study the ways in which they deal with the task, focusing on their 
need to form an assertion and justify it by means of proof or refutation.  
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Task 6: Does it exist? 

This task focuses on existential statements and the roles of examples in 
determining their validity. The task included four statements, two in algebra and two 
in geometry worded in the form "Does an object with a certain property exist?" 
(figure 7). In some ways this task resembles the "True or false?" one, however, in the 
pilot study we found that the wording of the statements as questions appeared to be 
more appealing to the students.  

 

Does there exist a triangle with two heights that are perpendicular to each other? 
Does there exist a triangle with two angle bisectors that are perpendicular to each 
other? 

Does there exist a pair of natural numbers a, c that satisfy: ? 

Does there exist a pair of natural numbers a, b that satisfy: 
a-b[a-b(a-b)] = (a-b)(a-b)(a-b) ? 

Figure 7: Examples of Task 6 

Concluding remarks 

In this paper we offer a holistic approach to task design.  Figure 8 illustrates 
how the conceptual framework that we developed guided the design of a whole 
collection of tasks that formed a diagnostic tool.  

The collection of tasks constituted the research instrument for a study of 10th 
grade students’ understanding of the roles of examples in determining the validity of 
mathematical statements. This tool was also used for task-based interviews with pairs 
of students who worked aloud on these tasks. Overall, the rich scope of types of tasks, 
as well as the specific statements and examples that were chosen for each type of task, 
proved useful in tapping into students’ thinking and enhancing their understandings. 
Space does not permit to include examples of such manifestations in this paper but 
they will be included in a presentation. 

 

Type of  Statement 
Universal statement 

1, 2, 3, 4-U, 5 
Existential Statement 

1, 2, 3, 4-E, 6 

Goal  

Type of  Example  

To prove To disprove To prove To disprove 

Confirming   
1, 2, 3, 4, 5, 6 

1, 2, 3, 4-U, 5 1, 2, 3, 5 1, 2, 3, 4-E, 6 1, 2, 3, 6 

Contradicting  (the universal 
statement) Non-confirming 
(the existential statement)   
1, 2, 3, 4, 5, 6 

1, 2, 3, 5 1, 2, 3, 4-U, 5 1, 2, 3, 6 1, 2, 3, 4-E, 6 

Irrelevant        
1, 2, 3, 5, 6 

1, 2, 3, 5, 6 1, 2, 3, 5, 6 1, 2, 3, 5, 6 1, 2, 3, 5, 6 

Figure 8: Connections between the overall collection of tasks and the conceptual framework. 
[Note that the numbers refer to the numbers of the task-types] 

cca
a 1=
+

ha
l-0

08
34

05
4,

 v
er

si
on

 2
 - 

22
 J

un
 2

01
3



Margolinas, C. (Ed.). (2013). Task Design in Mathematics Education. Proceedings of ICMI Study 22 (Vol. 1). Oxford. 
 

35 
 

References 

Antonini, S., Presmeg, N., Mariotti, M. A., & Zaslavsky, O. (2011). On examples in mathematical 
thinking and learning. ZDM The International Journal of Mathematics Education, 43(2), 191-
194.  

Barkai, R., Tsamir, P., Tirosh, D., Dreyfus T., & Tabach, M. (2008). Inservice teachers’ judgement of 
proof in ENT. In Figueras, O. & Sepúlveda, A. (Eds.). Proceedings of the Joint Meeting of the 
32nd Conference of the International Group for the Psychology of Mathematics Education, 
and the XX North American Chapter Vol. 4, pp. 345-353. Morelia, Michoacán, México: PME. 

Bills, L., & Watson, A. (2008). Special issue: The role and uses of examples in mathematics education. 
Educational Studies in Mathematics, 69, 77-79.  

Borgen, K. L. & Manu, S. S. (2002). What do students really understand? Journal of Mathematical 
Behavior, 21, 151-165. 

Buchbinder, O., & Zaslavsky, O. (2009). A framework for understanding the status of examples in 
establishing the validity of mathematical statements. In Tzekaki, M., Kaldrimidou, M. & 
Sakonidis, C. (Eds.). Proceedings of the 33rd Conference of the International Group for the 
Psychology of Mathematics Education. (Vol. 2, pp. 225-232). Thessaloniki, Greece. 

Buchbinder, O., & Zaslavsky, O. (2011). Is this a coincidence? The role of examples in fostering a 
need for proof. ZDM The International Journal of Mathematics Education 43(2), 269-281. 

Fischbein, E. (1987). Intuition in science and mathematics: An educational approach. Dordrecht, The 
Netherlands: Reidel. 

Hadas, N., Hershkowitz, R., & Schwarz, B. B. (2000). The Role of Contradiction and Uncertainty in 
Promoting the Need to Prove in Dynamic Geometry Environments, Educational Studies in 
Mathematics, 44(1 & 2), 127-150. 

Harel, G. (2007). The DNR system as a conceptual framework for curriculum development and 
instruction. In R. Lesh, J. Kaput, E., & Hamilton (Eds.), Foundations for the future in 
mathematics education, (pp. 263-280). Mahwah, NJ : Lawrence Erlbaum Associates. 

Rosen, K. H. (2003). Discrete mathematics and its applications (5th ed.). NY: Mc-Graw-Hill 
Companies.  

Schoenfeld, A. H. (1989). Explorations of the problem space: notes on the description and analysis of 
mathematical processes. In C. Maher, G. Coldin, & R. Davis (Eds.), Proceedings of the 
Elleventh PME-NA Conference (pp. 95-120). New Brunswick, NJ: Rutgers Center for 
Mathematics, Science and Computer Education.  

Tabach, M., Barkai, R., Tsamir, P., Dreyfus T.,& Levinson E. (2010). Verbal justification – is it a 
proof? Secondary school teachers' perceptions. International Journal of Science and 
Mathematics Education, 8 (6), 1071-1090. 

Zaslavsky, O. (1997). Conceptual Obstacles in the Learning of quadratic Functions. Focus on Learning 
Problems in Mathematics, 19(1), 20-44. 

Zaslavsky, O., & Ron, G. (1998). Student's understanding of the role of counter-examples. In A. Oliver 
& K. Newstead (Eds.), Proceedings of the 22nd conference of the International Group for the 
Psychology of Mathematics Education, 4, 225-232. 

  

ha
l-0

08
34

05
4,

 v
er

si
on

 2
 - 

22
 J

un
 2

01
3


